Abstract. Let Z be a standard normal random variable (r.v.). It is shown that the distribution of the r.v. ln |Z| is infinitely divisible; equivalently, the standard normal distribution considered as the distribution on the multiplicative group over R \ {0} is infinitely divisible.
It is easy to see and very well known that the normal distribution is infinitely divisible. Thorin [4] showed that the log-normal distribution is infinitely divisible. This inspired an outpouring of related activities, results of which were presented in [2] .
The log-normal distribution is the distribution of the random variable (r.v.) e X , where X is a normal r.v. In this note, we shall go from the normality in the opposite direction, in a sense. Let Z be a standard normal r.v. Then the distribution of the r.v. U := ln |Z| may be referred to as the exp-normal distribution. = denotes the equality in distribution and ε stands for a Rademacher r.v., so that P(ε = 1) = P(ε = −1) = 1/2; we are assuming that ε is independent of all other r.v.'s mentioned in this note. One may observe that the probability density function, say p, of the exp-normal distribution is given by the formula
for all real u; so, the left tail of exp-normal distribution is asymptotically exponential, and the right tail is much lighter than any exponential or even normal tail.
The main result of this note is as follows.
Theorem 1. The exp-normal distribution is infinitely divisible; more specifically,
where E 0 , E 1 , . . . are independent identically distributed (iid) standard exponential r.v.'s,Ẽ j := E j − E E j = E j − 1 are their centered versions, and γ is Euler's constant.
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Equivalently, the standard normal distribution, considered as the distribution on the multiplicative group over R \ {0}, is (multiplicatively) infinitely divisible; that is, for each natural k there exist iid r.v.'s W 1 , . . . , W k such that
More specifically,
where G 1/k,0 , G 1/k,1 , . . . are iid r.v.'s each with the gamma distribution Gamma(1/k, 1) with shape parameter 1/k and scale parameter 1, and ε is a Rademacher r.v.
Proof. For the characteristic function (c.f.) f of the r.v. ln |Z| and all real t, using the substitution u = z 2 /2 and Euler's product formula
for z ∈ C \ {0, −1, −2, . . . } (cf. e.g. line 2 in the first multi-line display on page 4 in [1]), we have
. Now formula (1) follows, because the c.f. of an exponential r.v. with mean a > 0 is t → 1 1−ita . Since the standard exponential distribution is infinitely divisible being, for each natural k, the k-fold convolution of the gamma distribution Gamma(1/k, 1) , we have proved the first part of of Theorem 1; the second part of the theorem now easily follows.
The question of whether the factorization (2) is true for k = 2 was asked at site [3] .
